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AE8GDIHAKIC  DERI7AHTBS  FOR  BOTH  STEAD!  A HD  HOI-STEAD! 
MOnOM  OF  SLE1CEE  BODIES 


ABSTRACT 


Slaudur  body  values  of  all  non-Hagnua  first  order  aerodynaaio 
coefficients  ar«  derived  by  a staple  application  of  the  concept  of  cross* 
seationrl  apparent  aaas.  These  results  are  converted  to  ballistic 
conanolatore  for  two  types  of  notion* 
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TTi  > application  of  Monk's  al  voder  body  theory  te  to*  calculation  of 
aerodynamic  coefficients  descrihina  steady  *«««>  (<*.  i hr~  bean 

1 2 "i*  k 

souie  by  a mceber  of  authors 'L*  * . Dorranca4  has  obtained  slander  body 

values  (,f  those  coefficients  associated  with  acn-ateady  angle  of  attack 
as  a by-product  by  a linear  analysis  of  the  potential  equation  for  non- 
steady  supersonic  flow.  The  stability  derivatives  for  the  aost  general 
action  of  slender  bodies  vith  arbitrary  cross -section  have  been  calculated 

by  5acka  ' . This  treatment  is,  bowsTar,  quite  coupler.  This  paper  will 
present  a slaple  derivation  of  all  non-sera  stability  derivatives  of  a 
slender  body  of  revolution. 

CALC  HUTTO*  OF  SL8KDS&  HUT  CODTICIKSTS 


X. 


( *,f) 


it  Oo 

FID.  1 

We  shall  Make  the  usual  assaaption  that  the  cross  flow,  u,  at  each 
croes-eectlon  is  a tvo-dixensional  potential  Hov,  and  Independent  of 
both  the  axial  Hov  and  the  cross  flow  at  neighboring  cross-sections. 

The  Hov,  as  seen  fro*  the  body  (fig,  1)  I a the  potential  of  a steady 

How  plus  a doublet,  u(r  + H^/r)  sin  ire  r and  ji I are  polar  Coordi- 

natee,  A • E(x)  is  the  radius  of  the  cro&j-section  and  x Is  its  distance 
frosi  the  base  of  the  missile.  The  potential  of  the  Hov  with  respect  to 
stationary  air  can  bs  obtained  by  subtracting  the  potential  of  the  steady 
Haw  u and  is 


ijJ  ~ u (S2 /r)  sin  jf  . 


la  Ssf.  6 it  is  show  that  the  kinetic  energy  of  an  infinite  vola 
? of  fluid  containing  a body  vith  surface  area  3 Is 


if  (V^)2«--§f  ^§4  as. 


(2) 
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abort  p ia  tbo  density  and  ay’du  ia  the  derivative  with  respect  to  the 
outward  pointing  normal . The  kinetic  antrgy  of  the  fluid  par  unit  length 
da*  to  the  presence  of  the  circular  cross  section,  therefore,  ia.  fro* 
BQS.(l)and(2), 

(-  p/2)  t (u2  aia  fl)  (~  u ids  jQfi  ■ (u2/2)(paH?)  • (3) 

_2 

Sq.  (3)  has  the  fora  of  j-  Multiplied  by  an  •apparent  moss*.  Thus  the 

apparent  masa  per  unit  length  of  each  cross -eac tiers  is  pA,  where  A is  Its 
area,  and  hence 


Hoaantm  of  the  fluid  per  unit  length  ■ pAu  . 


(la) 

If  vs  consider  the  mnantan  of  tha  fluid  at  adjacent  croae -sect Iona 
we  see  that  it  will  depend  on  the  local  area  and  fluid  velocity.  Vow 
the  axial  velocity,  0,  will  wove  the  fluid  fro*  one  eras* -section  to  the 
next  and  hence  fron  a region  of  higher  aoaeatoa  to  ooe  of  lower  amwatuat 
or  vice  versa.  This  local  change  is  noaantna  gives  rise  to  a differential 
force  which  can  than  he  integrated  to  give  the  total  force  on  the  body* 

Since  ve  are  then  actually  interested  In  tha  location  of  the  croee-eectioa 
of  fluid  and  Its  notion,  we  Mill  interpret  x to  be  its  location  with  respect 
to  the  base. 

Ve  shall  neks  use  of  a non-rolling  right-handed  coordinate  eystew  l3z 
with  X pointing  forward  along  tha  Missile's  axis  and  1 axis  initially  in 
the  horlsontal  plan*,*  A non-rolling  coordinate  systeai  will  naan  one  rtose 
x-eoMponent  of  angular  velocity  is  aero.  As  is  shown  in  Bef.  7,  the  treat- 
aant  of  tlsn  derivatives  of  the  djsanio  variables  i.a«,  A,  4*  i*  *och  wore 
natural  in  non-rolling  coordinates.** 

If  we  consign*  projections  of  the  velocity  vector  and  a fixed  direction 
vector  on  the  X Z plane,  and  with  a end  S as  defined  is  Fig.  2, 


. B a * (x  - x^h. 


(5) 


Ve  Make  use  of  the  tilde  superscript  to  distinguish  th«*e  axes  from  the 
standard  aerodynamic  Missile-fixed  axes.  In  the  cans  of  a spin- 
stabilised  body  of  revolution,  those  a xoa  would  be  spinning  rapidly  with 
respect  to  our  non-rolling  axee,  and  hence,  with  respect  to  the  air  at 
infinity. 

Iu  fief.  ? Sacks  usee  a Missile  fixed  system  but  specifically  Measures  a 
and  p in  a non-rolling  syetew.  Bower  be  does  Measure  4 *od  f in  the 
rolling  syrten  and  therefore  obtrJn*  non-«cro  values  of  C.  and  C 

V Pr 

for  a body  of  revolution. 
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«b«re  U - - ^ l*  the  axial  ocapoont  of  the  ideeila's  Telocity,  x^  ix 

distance  of  cantor  of  frarity  fro*  baoa  and  x is  omiumJ  fttoi  the  baa#, 
and  q * tf. 

Cretan's  Second  I«  and  Sqo.  (h,  $)  th#  fore#  pwr  unit  length  In  tb#  If 
direction,  la  tbs  tire  rot#  of  dune*  of  noaratua  par  unit  length.* 

•••  i ■ s &*»> 

-P”2  [*E-§*‘SI  [*  * <*  ‘ ^ 11  ' *c*)A]  (<) 

Integrating  ore r the  length  of  the  eiseile, 

*■ 


Since  it  Is  actually  usteed  that  the  total  Telocity  V is  conetant,  the 
deriratire  of  U,  the  axial  cosponent,  should  appear  in  Sq.  6,  fartanetaly 
far  aasll  a and  a this  quantity  is  snail  and  cm  be  neglected. 
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Tc  is  tbs  diaensicjalMa  tran-rara*  radios  of  g/ratlon  of  a 
boBogaaMooii  nodal  about  its  can  tar  of  grant/*  and 


P ^ 0 /H~MT — * m~m 


M V 


boMOfc»ous  viodal  about  ita  baaa* 


*Ti«  rSujLuS  Oi  {/rsvxon  ox  a 


Fig,  2 indicates  the  direction  of  pcsitira  >f. 
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An  axaaination  af  Sqs.  (?)  ml  (8)  shows  that,  under  our  aaatmeptlons,  Z 
•ztd  8 depend  linearly  on  a,  c.,  q,  nd  q.  In  artier  to  obtain  the  relatione 
xot*  the  various  ’vmnixxiiy  ooxj,  wm  *^aa  ulle  -*— S ■■*  - \ 

thaa. 

*“^a  ^aa  + ^!r4<%?r*£%2“jj>  w 

*»£*?.«  ^*<^3^  . , ao) 

where  S 1*  refereoae  area  and  7 is  total  velocity. 


IT  we  ooepare  Iqa.  (?)  and  (8)  with  Bp.  (9)  and  (ID),  introduce  the 

aoo-dlsenslonaL  5 ■ j,  and  raaanbsr  that  for  snail  angle*  of  attack  nod 

ytur  U can  be  replaced  ty  ▼,  we  can  observe  that  the  following  relatione 
are  true. 


°Ei  * ■ 2 r» 

* ' u iT?* 

C&'<-*^?KVS«)*  (u) 

%m  ^ r*c** 

^ r^,  * (^y,CV®e)‘ 

^ • v» 

c~  - - -5s,  ^ -2x  x ♦£?)  * 

**  s/7  i/di  ^ «»fv 

M <VI 

The  corresponding  relations  for  I and  1 can  be  found  from  ry— try  oonel der- 
ations. It  can  easily  be  show?  thats 

°rp  - czV 

^ - %• 

U2j 

°5p--cSS, 

%-^i* 

nr 

Since  the  derlTztiati  of  Eqs,  (U)  van  based  on  the  aasoeption  of  dod- 
viscous  flow,  this  theory  makes  no  prediction  of  Magnus  force  and  eoeent 
derivatives.  We  see,  however,  that  Musk's  elementary  theory  based  on  the 
concept  of  the  apparent  mass  of  -tach  croc ? -section  will  provide  slender 
body  values  of  all  sixteen  first  order  non-Magnus  aaro^yuanic  coefficients. 
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CM7EB&I0*  OF  H3SDLT3  TO  BALLISTIC  SCfiOQJlTTSK 

o 

Xu  order  to  stats  oar  remit*  in  ballistic  aceeawlature  vm  iii-rfe  arlte 
the  definition  of  the  ballistic  ('•  In  tars*  of  tb*  nrwni«v 

I i ii3  #w  » ijhj  p * x*s  q * lr,  fi  * ia  and  q ♦ ir  and  »a1s>  «h 
of  tb«  relation  U » 7.  (This  use  of  tbs  coaplsx  variable  exploits  tbo 
rotational  ay— try  of  the  uaual  ccofl^pjrati one  studied  by  ballisticiaaa) . 


I ♦ ll  - pT2  d2  Q-  * ia)  * iX^  , 

n ♦ ii  - pv2  <t  ii^^  ♦ ia)  - ^ (la^j£)i)j  . 


The  corresponding  • ixprasttiooa  far  tbs  asrodynenic  C's  arc:* 


«v 

I ♦ 11  . 


♦ 


M ♦ iS  ■ 


Cj.  (iij^  ♦ , 

(Jpf2)^  j~-  lC^(ft  ♦ io)  ♦ 


(li») 


- 1C^  (l*^)  ♦ Cg.  . 

Sines  than  la  not  a one-to-one  oorracpondeocs  between  tbs  ballistic 
and  asrodynaale  coefficients,  tbs  best  vs  can  do  is  to  stats  relations 
between  than  for  specified  notions,  insular  notion  with  respect  to  the 
trajectory  of  a « uin-e ta bdJLUed  body  of  revolution  consists  of  a transient 
oscillatory  ration  and  a steady  stats  "yaw  of  repose*.  Tbs  trajectory  can 
be  ooaaidsrsd  essentially  straight  over  a reasonable  amber  of  periods  of 
tbs  transient  notion  and  bases  for  this  notion,  a » q and  p » - r* 


It  should  be  emphasised  again  that  tho  axes  fore  a non-rotating  systea. 
The  conversion  frm  the  rotating  to  tbs  run-rotating  systen  is  given  in 
Bef.  7. 


♦ * 
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In  the  Appendix  It  Is  shown  that  far  large  ratios  of  aus  of  miauls  to 
mss  of  displaced  Hold  tbs  angular  acceleration  terns  isrol-ring  p and 
la  Sqa.  «r  >>•  Th-  cl turtle;  li  fir  **.  «. 

nr  a torpedo  for  uhlth  this  ratio  la  of  order  unity  and  these  tanas  are 
inpnrtant. 

«**  fbr  transient  notion  about  a straight  trajectory,  fron  Srs.(ll), 
(13),  aad(15)r 


*K  • 7 7 ((W  " - *b  scs  4 v * 

*H  " ’ 5 “ *b  *e«2  * 

*b 


afaere 


- bass  aroa  in  calibers  squared. 


as) 


For  the  steady  notion  of  the  yaw  of  repose  a ■ £ ■ 0,  and  It  can  be 
shorn  that  the  q ♦ ir  contributions  are  snail. 


**•  h m "? 7°za  - “b  » 

v 1 S t w A 

^"17%  *-*bxcf  * 

^ (17) 

V*fr*-%VT* 

h m - 5 ? ' •)>  %s  ' tS=*  - V- 
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to. 


It  1*  quita  interesting  to  not*  that  tha  absence  of  a oae-to-on a 
correspondence  batseen  tha  serodynsnic  and  the  ballistic,  equations  leads 
to  coefficient*.  uhich,  is  the  ballistic  notation,  depend  In  eerMwal 
the  type  of  Motion  under  consi deration.  This  result  is  inherent  in  the 
definitions  of  the  cooffldants . This  difficulty  is  resolved  in  a report 
being  prepared  by  one  of  the  authors? • 

a.  x,  wood 

C.  H,  MOStPHT  f 
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AFFSHDH 

^ % % t* 

xu  uruor  to  nuaiU  iiio  — *-"•'**  *v«  u x j^U  t^raa  we  have  to 

analyse  the  true* iani  satiem  a little  ■ore.*  a and  {J  are  the  raw  or  the 

r sinusoidal  motions**  differing  in  phase  by  90°  and  with  fTa^oecciaa 
and  $2  wi,  <4^a 

"3 


* a \ [ws, 

where  a is  aus  of  missile, 

is  transverse  radius  of  gyration  in  calibers. 


■>f} 


(\ll)  (A-l) 


s • 


(ballistic  stability  factor), 


2(p3  S) 

is  axial  radius  of  gyration  in  calibers, 
p is  axial  spin. 

For  any  sinusoidal  notion  we  have  that 

P • " P * 

mm  *2 

* - - jlj  a , 

or  g * ia  - - ^ (P  ♦ la)  . 

In  order  tij  get  a.  site  estimate  ve  consider  only  the  contribution  fre 
fait  rata  0^. 


(A-2) 


the 


(C-  b)1^2  ♦ 
*a  ' 


N.ir]  . (A-3) 


» 

M 


Wo  are  intorestod^in  the  relative  contribution  to  the  force  or  momanX  of 
the  ter*  in  a ♦ ip  and  the  ten  involving  a ♦ ip,  in  Eqs.(l5)»  Since  C~, 

ia  the  iim  order  of  magnitude  as'  C~* , (which  can  La  seen  fro*  Eqs.  11), 


ThW  following  analysis  is  valid  for  Any  statically  or  gyroscopically  stable 
misfile.  The  special  case  of  a statically  stable  *isatl*-with  exactly  zero 
spin  can  be  considered  sa  a Halting  c*  »«  of  a statically  stable  missile 
with  small  spin;  therefore,  l/s  ■ “ 

See  Reference  9 for  a discussion  of  Eq.  (A-l). 
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than  the  ratio  of  tha  a cc ala ration  tarn  to  tha  linear  tarn  is 


tar*  in 
tarn  in 


— — 


Bote  that  pdd/a  - (n^/s)  (5 i/t),  *fcereT,&i  Is  tha  length  is  calibora  of  tha 

equivalent  cylindrical  rolune,  a-  is  tha  mu  of  displaced  fluid  asd  n is 
tha  nass  of  tha  nlsslla.  We  no*  i state  bouais  for  various  quantities,  for 
practical  configurations: 


statically  stahle 


v ~2  / -. 

1*>s£6 

-64r»  L 0 

02-C~  4.10 

W* 

-1Q£C~  i-0 

na 

▼ A»73 

17*17  3 

tarn  in  a ♦ i 
tern  in  a ♦ 1 

l^-r  <|)  a)  ♦ fn)1 

412  n^/n  in  either  case. 

Thus, 


For  tha  usual  nisaile  is  air.  this  ratio  is  negligibly  mail  and 
consequently  these  acceleration  tarns  ara  usually  neglected.  For  an 
airship,  or  lit  ere  tha  fluid  is  water  (e.g torpedoes),  tha  acceleration 
tarns  nay  baocM  appreciable. 
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2 fin— under 

Maval  Proving  Ground 

Dahlgran,  Virginia 

3 Co—eader 

Maval  Ordnance  Laboratory 
White  Oak 
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Attn*  Mr.  Mestingen 
Dr.  Hay 
Dr.  Xhraveg 
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Maval  PPet graduate  School 
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Haval  Air  His  ail*  Teat  Center 
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' Center 
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Attni  f . K.  Soore 

C winding  General  1 

Rada  tone  Arsenal 
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Co—  nrllrg  Oeneral  1 

Frankford  Arsenal 
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Sandla  Base 
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